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A STUDY OF AN EMPIRICAL EQUATION
FOR THE EVALUATION OF SEPARATION
EFFICIENCY IN CHROMATOGRAPHY

Darko Kantoci

Loma Linda University
School of Medicine
Laboratory of Chemical Endocrinology,
Loma Linda, CA 92350

ABSTRACT

An empirical equation has been developed to evaluate
chromatographic separation efficiency. This equation can be
expressed as the product of a "separation” term, a "capacity" term
and an "alignment between peaks” term. It can be shown that this
equation is insensitive to other column or separation parameters.
Its sensitivity depends only upon the resolution between peaks.
This in turn allows the linking of the equation with any column or
separation parameter during the optimization process as a
response function.  The utility of this equation has been
extensively tested with the aid of computer-simulated overlapping
peaks. This method is applicable to any separation technique that
is based upon separation of compounds due to differences in
partitioning between the stationary and mobile phases (column
chromatography, HPLC, counter-current distribution, etc.).
This equation can also be used to evaluate the quantity of each
separated or overlapped compound giving a true picture of
separation efficiency.
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INTRODUCTION

Due to today's increasingly stringent requirements for pure pharmaceutical,
agricultural and industrial chemicals, an increased burden has been placed upon
the analytical chemist. As such, one must not only choose the best separation
technique (column chromatography, HPLC, counter-current chromatography,
molecular exclusion, etc.), but also optimize all parameters in order to achieve
the maximum resolution of the main constituent of a mixture. In order to obtain
a suitable chromatographic solvent, the novice must rely on solvent systems
reported in literature for the separation of similar types of compounds and use
trial-and-error techniques to arrive at a suitable solvent composition. An
experienced analytical chemist may select better solvent combinations, but still
may not have optimized conditions so to achieve the best resolution. Regardless
of whether a novice or an expert separation chemist is confronted with a
separation problem, the question inevitably arises as to what criteria one uses in
assessing separation efficiency.

The literature contains a number of more or less complicated equations'”
attempting to describe column efficiency in terms of resolution between peaks
and involving one or more separation parameters such as N (theoretic plate
number), Rg (column resolution), a (column selectivity) and k' (capacity factor)

among others. Said® first developed an equation for separation of a pair of
compounds (Said's recovery index) for Gaussian peaks that is not restricted to
elution chromatography systems. Unfortunately this method is useful only for
binary systems that afford a Guassian distribution of peaks. This is not adequate
for most real world separations. What is needed is a mathematical expression by
which to evaluate the efficiency of the separation of any number of components
with any peak shape, using any separation process. This expression should
require only experimental data and empirical coefficients. The pioneering work
in this area had been done by Rony,” Giddings'® and De Clerk."!

Numerous functions describing the chromatographic response function
(CRF) have been derived and some tested by Wegscheider.5 Most of these
methods are based on the assumption that, if the composition of a mixture is
known (which is often not the case), the only problem remaining is to optimize
the parameters of the equation describing the resolution of the mixture. A
number of different approaches to finding an adequate solution to, and
refinement of, these equations have also been described.'> Still, all of these
equations suffer from an interdependence of the separation parameters
themselves, and thus prohibit generalization of a separation response function.
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A problem often encountered by the separation chemist during the
analysis of a complex mixture is the determination of the number and quantity
of each compound in the sample. Still pronounced complete peak overlap is
common during the routine HPLC separation and spectral analysis of extracts
obtained from natural products. With the advent of today’s UV/visible liquid
chromatography diode-array detectors, and lineshape simulation programs,
reliable estimates of the number of compounds contained within overlapping
peaks, their retention times and relative abundance, can be at least estimated.
Such information can subsequently be introduced into the equation described
below, which assesses the separation efficiency for the system used as a
numerical value between 0 and 1. When linked with other separation
parameters (solvent composition, column dimensions, flow rate, etc.), it can
provide the chromatographer with a method of optimizing separation leading to
improved resolution of the overlapping peaks.

EXPERIMENTAL

Programs were written for the calculation of separation efficiency using
GWBASIC v.3.22., (Microsoft corp.). Overlap calculations and testing of the
equations was done on an IBM PS/2 and Macintosh Quadra 650 computer.
Polynomial curve fitting was done using Cricket Graph v.1.3 and all drawings
were generated with either Microsoft Excel, v5.0 (Microsoft corp.) or SuperPaint
v.2.0 (Silicon Beach Software) software on a Macintosh computer.

THEORY

The three factors should be considered for the evaluation of the separation
efficiency: peak overlap, quantity of the material under the peak and peak apex
distribution.

The first factor, peak overlap or separation factor, evaluates how well
peaks are separated from each other, thus evaluates their mutual overlap (E1).

The second factor evaluates the quantity of pure and overlapped
compound(s) under the peak or part of it (E2). This factor measures mass
distribution during separation. For instance we might have a severe overlap, but
the mass of the compound(s) under the overlap is small compared to the total
quantity of the separated material. Therefore the contribution to the separation
efficiency will be small, and vice versa.
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The ideal separation has all peaks evenly distributed throughout the
chromatogram. The third factor (A) evaluates the peak distribution compared to
ideal, and is designated as a allignment between peaks. The impact of this factor
to the product of E1 and E2 is significant in cases where some peaks are grouped
in a chromatogram and others are far apart. This indicates a poor solvent or
column selection, wrong gradient profile, etc.

The separation efficiency (E) can be then expressed as the product of a
“separation” term (E1), a “capacity” term (E2) and an "alignment between
peaks" term (A), i.e.:

E = E1*E2* A*100 (1)

El is a "separation" factor expressed as the number of fractions containing
only one compound (T(;)) in total number of fractions (T(,) containing "n"
compounds. C is the highest number of compounds present in any fraction and b
is an empirical coefficient which will be explained later. The separation is then
defined as:

Sz

E2 is the "capacity" factor which evaluates the quantity of material in each
fraction (W) containing the same number of compounds (n). W represents
total quantity of material present. The E2 is actually a percentage of a
compound in a mixture divided by the number of compounds (n) present in a

fraction. a is an empirical coefficient which will be explained later, therefore E2
is defined as:

cow
B2=Y
~ 07 W, ®
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The quantity may be expressed as the area under a curve or the mass of the
fractions as long as it is consistent throught the calculations.

Combining E1 and E2 and multiplication by 100 (for conversion to
percentage), then rearranging defines E' which represents the separation
efficiency based on the number of compounds under a peak with its relative
amount. The exponents "a" and "b" represents empirical coefficients. Their
values will be determined later.

S0

100* (Z T(l))b *y T
i[n* (Z T(n))b} ?

The alignment factor'’ (A) which keeps track of the separation between
peaks and tries to separate them as far as possible, may be expressed as:

pP-1
l;[[Rt(m) - Rt(i)]
(p-1) (5)

A=
Rt (max) - Rt(min)
P-1

Where Ri(j) is the retention time for an individual peak or fraction at its
apeX. Rty is the peak with maximal retention time or fraction containing last
compound, Rt is the peak with shortest retention time or fraction number
containing the first compound, and P is number of peaks.

Thus the final equation for E, with alignment incorporated becomes E= E' *
A e
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b [ & W, P-1
100*(ZT(1)) * Zlna’fv)vt * 1—‘1[[Rt(1+1) Rt(l)]
E= n= i=
=
< 67|, [ Rt(max) =~ R¥(min) ©)
;[”*(ZT(H)) } P-1

The only necessary data required for input into equations (4) or (6) are: the
number of peaks (P) and their positions [R(j)], the total number of compounds

(C) contained under each peak (T(n)), and the weight of each fraction W(p) (or
the area under the peaks).

As will be demonstrated, the function is nondimensional, and as such is
insensitive to the shape of the peak, type of separation, column size, flow, and
quantity of material separated. Subsequently, E takes into account the peak
width and could be affected by k’ and the selectivity, a. Equation (6) does not
require approximations that are necessary for Purnell’s'* or Knox’s'’ methods.
Nor does it suffer from column parameter factors or other methods of separation.
Thus, equation (6) leads to a general solution of the optimization problem. The
functions E, E', El, E2 are fitted in the range between 0 and 1 (0 represents no
separation and 1 base line resolution between two or more peaks) near or on
baseline.

RESULTS AND DISCUSSION
To test equations, hypothetical test mixtures were generated by computer

simulation using a BASIC program that contained all the necessary peaks and
separation between peak parameters.

Example of Estimation of Exponent "'b" for E1:

A test matrix was generated which represents the number of compounds (1
and n) in fractions (1-12) for 13 separations. This matrix represents 13
separations as follows: the separation 1 represents 12 fractions of peak each
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|
Fractions 1 2 3 4 5 6

Numberof 1 1 1 1 1 2 2 2 1 t 1 1 1 0 O
compounds(n)

Figure 1. Partial overlap of two peaks

Table 1

Validity of Equation (1)

Separation
# 1 2 3 4 5 6 7 8
1 1 1 1 1 1 1 1 1
2 1 1 1 1 1 1 1 1
3 1 1 1 1 1 1 1 1
4 1 1 1 1 1 1 1 1
5 1 1 1 1 1 1 1 1
6 1 1 1 1 1 1 1 n
7 1 1 1 1 1 1 n n
8 1 1 1 1 1 n n n
9 1 1 1 1 n n n n
10 1 1 1 n n n n n
11 1 1 n n n n n n
12 1 n n n n n n n
13 n n n n n n n n

III
9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

Fractions

- N - - R

93:’:’:’5.‘:’5:’!3'—"—"—';

1
|

:3=3=====’=':$=’=3'—"—‘:

5:35':3:3:35:5:!:5:35'-‘;
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contains one compound; in separation 2, the fractions 1 to 11 contains one
compound and fraction 12 contain n compounds, in separation 3 the fractions 11
and 12 contain n compounds; and so on. The last separation (13) is a single
peak that contains n compounds (total overlap).

To prove validity of equation (1), substituting the number of compounds as
1 (separation 1) [n=1, Ty= 12, T(y=T1y=12] in equation (1) for any value of b,
E1=1; if the number of compounds under the peak is = [n=c, T(;=0, Ty=] for
any value of b, E1=0 or in our example for separation 13, if n=2 then T(;;=0,
Ty=13 for any value of b, E1=0 (Table 1).

The equation E1 actually counts fractions (time increments) with only one
compound and compare them with the number of fractions with two or more
compounds. This might be illustrated as in Figure 1.

The number of fractions with 1 compound (n=1) is 19 [T(;,=19]
The number of fractions with 2 compounds (n=2) is 3 [T2=3]
C=2 (maximal number of compounds in single fraction)

19°

In this case El1= —
1197 + 2%3

if b=1.5 then E1=0.89 (89%) (disregarding E2 and A)
in more complex example where three compounds overlap (Figure 2) we have:

The number of fractions with 1 compound (n=1) is 13 [T;,=13]
The number of fractions with 2 compounds (n=2) is 6 [T(2=6]
The number of fractions with 3 compounds (n=3) is 3 [T 3=3]
C=3 (maximal number of compounds in single fraction)

13°

in this case El= - 5 -
1¥13° +2%6° +3*3

if b=1.5 then E1=0.51 (51%) (disregarding E2 and A)

In order to determine the best value of exponent "b", the exponent "b" was
varied over a range between 0.5 to 2.0, and the number of compounds (n) was
taken as 2 to simplify presentation. The calculation can be expanded to any
number of compounds.
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Figure 2. Three peak overlap.
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Figure 3. Plot of data for E1 with differing exponent "b"; n=2
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By examination of the Figure 3, "b" lies between 1 and 2. For overlap of
11/12, E1=84.6% (b=1), resembling big drop of 15.4%. With the same value of
b, for the overlap of 11/12, the E1=4.35%. For the value of b=2 and overlap of
11/12, the E1=98.4% that is close to 1, and for overlap of 11/12, the E1=0.41%,
close to 0. The exponent "b" of 1.5 was chosen as algebraic mean to describe
presented set of data for separation efficiency. This choice of "b" exhibits a
slow drop in the beginning, a faster drop in the middle and again a slower drop
at the end, thus resembling sigmoidal shape.

Example of Estimation of Exponent "a" in E2:

To test equation E2, an initial set of data was obtained from a randomly
chosen real peak from a real HPLC separation. From this data, a polynomial
equation was determined by non weighted least square curve fitting which
described the peak. The factor x° is so small and does not have significant
impact on fit.

The polynomial equation for the peak was determined to be:

y=2.6279 - 3.3561 x + 1.2608 x* - 6.3247 » 10x> + 8.5469 +107x*

Applying this polynomial equation, new hypothetical sets of data could be
generated which simulated conditions ranging from total overlap of two peaks to
complete resolution of the peaks. This data could then be used in subsequent
calculations of various E2 values for each set of conditions.

The details of this procedure are as follows:

The peak was divided into 12 sections to simplify calculations and the area
under each section of the peak determined by integration of polynom:

P= j (2.6279 —3.3561x + 1.2608x> — 6.3247*1072 x> + 8.5469%10 % x* )dx

x1

For estimation of the exponent "a" in E2, conditions involving complete
overlap to complete resolution of two peaks were performed in stages. First, the
peak was overlapped with one identical sized peak and E2 calculated. Then the
second peak was shifted one place to the right and E2 again calculated. This
procedure was repeated until both peaks were fully resolved (13 steps).
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100
90 T
80 T
70 T

60 T
50 7

E2 (%)

40
30 T
20 T
10 7

i 2 3 4 5 6 7 8 9 10 11 12 13
Separation

Figure 4. Plot of data for E2 with differing exponents "a".

The calculation of E2 was done for different exponents of "a" (n=2) and
results are shown in Figure 4.

For equation (3) the possible value for exponent "a" could be 8 when used
by itself, because for total overlapping of peaks if a=8, then E2 is close to zero.
We can see that E2 — 0 (total overlap), when a — «. With the value of 16 for
"a" the E2 is 107,

The function was further tested using computer generated peaks by
assessing separation between two peaks with greatly differing areas (ratios
varying between 1:1 to 1:32). Assuming that both peaks have the same width,
the average drop is 1.87% for 50% overlap to 0.07% for 9% overlap in the range
of 1:1 to 1:32 of the relative area ratio. From the results obtained apparently
response is not affected with size of peaks, but only with their mutual
overlapping.

The Testing of Equation E’ (4):

Equation (4) was calculated using b=1.5 with differing exponents of “a”.
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Figure 5. Plot of data for E', b=1.5 with differing exponents of “a”.

R
Rt(max)
Rt(mm)

Table 2
Description of Symbols

separation of efficiency

alignment

number of fractions which contain only one compound
(regardless of Rf)

number of compounds in each fraction

number of fractions (test tubes or ARt etc.) with “n”
compounds

total number of compounds

total weight or area under peaks of all fractions after
separation

weight of each fraction or group of fractions (or area)
with same n

empirical coefficients

retention time for individual peak

peak with maximal retention time

peak with minimal retention time

number of peaks
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From Figure 5, it is evident that equation (4) is not very sensitive to the
value of exponent “a”.

An important characteristic of E2 and consequently E' and E is that it is not
necessary to know the ratio of compounds in overlapping parts of a peak, but
only the total quantity of this part of a peak, and of course, the number of
compounds contained in the overlapped peak. If we do not know the number of
compounds under overlaying peaks, an estimation will serve well. Later during
optimization other compounds may emerge from the overlapped peaks.
Misjudged numbers of compounds under a peak causes only a small error.

CONCLUSION

Equation (4) and, consequently, equation (6), is independent of
conventional chromatography column parameters (column width or length,
stationary phase composition, mobile phase composition, elution time, flow,
etc.). This independence allows one to link this equation to the any optimization
method (e.g. Simplex'®) as a response function in which one or more parameters
are optimized at the time (length of column, quantity of sample, composition of
mobile phase, etc.). An account can be taken of all peaks present or only peaks
of interest (for example, the best resolution of valuable material from impurities)
during optimization process. The results can, however, be generalized to a case
involving "n" compounds. The only prerequisite parameters for the calculation
of separation efficiency necessary to enter in equation are Rt, Ty, C, P, and
Wy The values for factors a and b from above analysis are a=2, b=1.5 .
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